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Abstract 



We consider the generalization of the heterotic action considered by Cherkis and Schwarz 
where the chiral bosons are introduced in a manifestly covariant way using an auxil- 
iary field. In particular, we construct the kappa-symmetric heterotic action in ten- 
dimensional supergravity background coupled to super Yang-Mills theory and prove its 
kappa-symmetry. The usual Bianchi identity of Type I supergravity with super Yang- 
Mills dH 3 = — Tr F A F is crucially used. For technical reason, the Yang-Mills field is 
restricted to be abelian. 
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1 Introduction 

In [T], supersymmetric heterotic action with kappa-symmetry in flat space is constructed 
motivated by the bosonic truncation of the heterotic action obtained by the M5 brane 
action wrapping K3 [2]. In the construction of [U [2J, the realization of the degrees of 
freedom associated with the current algebra is novel, which is generalization of PST 
approach of the realization of chiral two- form in M5-brane [3]. Thus it would be inter- 
esting to work out various aspects of this new heterotic action with kappa-symmetry. As 
one such attempt we generalize [1] to the kappa-symmetric heterotic action in arbitrary 
background of Type I coupled to super Yang-Mills. Due to the technical subtleties, 
we consider only abelian gauge fields. The form of the heterotic action can be guessed 
from the M5 brane action wrapping on K3. Once written, it is straightforward to work 
out the kappa-symmetry of such action. One point is worthy of mention. Along the 
proof of the kappa-symmetry the usual relation of the Type I supergravity coupled to 
super Yang-Mills 

dH 3 = -TrF AF (1.1) 

is crucially used. Similar feature appears in the kappa-symmetric action of the mem- 
brane with the Horava-Witten boundary worked out by Cederwall [I]. 

In the current formalism of the heterotic string theory, it is easy to couple the abelian 
gauge field to the worldsheet of the heterotic string but the non-abelian generalization 
is not straightforward. Related fact is that if we wrap M5 brane on K3, we assume 
that involved K3 is smooth so that we can carry out the usual Kaluza-Klein compact- 
ification so that we obtain the heterotic string in 2-dimensions. Thus the non-abelian 
generalization is related to figuring out the additional degrees of freedom we should 
keep when we try to wrap M5 brane on singular K3. This is also related to working out 
the full chiral current algebra of the heterotic string when we assume the gauge group 
E 8 x E s or SO (32) in the current formalism. Thus if we assume that the heterotic 
string realizes Eg x E$ or SO (32) current algebra, abelian gauge field configuration 
we are considering is a subclass of the general field configuration. In the proof of the 
kappa symmetry, the background equation of motion we obtain has straightforward 
generalization to non-abelian gauge field background so we can guess the general form 
of the background equation of motion once we figure out the correct coupling of the 
general gauge field configurations to the world sheet of the heterotic string. This is an 
interesting topic per se, but it's beyond the scope of the current letter. 
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In the below we assign coordinate indices as follows: 

• 10-d and 11-d target (tangent) : Z A = (X a ,6 a ). 

• 10-d and 11-d target (curved) : Z M = (X m ,9»). 

• 2-d and 6-d worldvolume : cr J , a\ ■ ■ ■ . 

• K3 : X r = cr r , X s = <7 S , • • • (static gauge). 



2 Heterotic string in SUGRA-SYM background from M5-brane 

In [I], a 10-d supersymmetric heterotic action in flat background has been constructed 
from the M5-brane action doubly reduced on K3 surface. Here we extend the 10-d action 
to have the SUGRA-SYM background. As in the flat case, the action with generic 
background can be guessed from the M5-brane action with 11-d SUGRA background. 
Then, we can justify the action by working out the gauge symmetry and the kappa 
symmetry as given in section [3] 

The M5-brane action in 11-d supergravity background is given as [SI E] 



£l = -f det ( G « + vl?)' 

£2 = —-^-^7~t lj 7~LijkG kl ui, 
Swz = j Uj + ^WaAcaJ. (2.1) 

Here the worldvolume fields are Z M , A2 and auxiliary scalar a (ui = did) which makes 
the action covariant. In the action, 7i 3 is the supersymmetrized field strength of A 2 : 

H 3 = dA 2 - c 3 , W v = ^ klmn H klm u n , (2.2) 

o 

and Ilf, C3, cq are the pullbacks of the supervielbein and the superforms of the back- 
ground: 

nf = da M E M A , 

Cijk = d{Z M djZ N dkZ p CpNM, 

= UfUf VAB . (2.3) 

From the above action, we can infer the 10-d heterotic action in SUGRA-SYM 
background. This has been done for a simpler case in [lj [2] by wrapping the M5-brane 
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on K3 surface to get a 7-d action and then by lifting it to 10-d. Here we adopt the 
same scheme but do not perform the reduction in a precise way. Instead, we guess the 
reduction and the 10-d action from the past experience of the calculations in [I]. 

First, the worldvolume fields in eq. (12. ip can be reduced to the worldsheet fields as 

(dA 2 )ijk —> diY^jrs, 

Qi-'-ig * BijU rs t uy (2.4) 

where bj and u are the harmonic 2- forms and the volume form on K3, respectively. For 
instance, the reduction of c 3 can be inferred as 

Cirs = diZ M d r Z N d s Z p CpNM — ► —di,Z M A^fbjrs = —Albj rs . (2-5) 

Note that among 22 harmonic 2-forms on K3, 19 are anti-self-dual and 3 are self- 
dual, which yields the correct degrees of freedom of chiral bosons Y 1 (upon gauge fixing) 
for the heterotic string action compactified on T 3 . 

In eq. (12. 4p . as the action is lifted up to 10-d, A\ and B^ are understood as the 
pullbacks of 10-d superforms: 

Al = d%Z M A* Ml 

B i:i = d l Z M d J Z N B NM . (2.6) 
Then, 7i 3 = dA 2 — C3 reduces to 

H ijk -> (diY 1 + A{)b Irs = DiY'bjrs, 

% Y J b Irs , (2.7) 

where Y 1 = ^DiY 1 Uj and Di is a gauge covariant derivative given that 

5A[ = OiA 1 , SY 1 = -A 1 . (2.8) 

Note that in this way we obtain the coupling of the abelian gauge field to the heterotic 
string. 
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In eq. (12.41) . the harmonic 2- forms bj contribute to the reduced action in terms of 



Lu= [ hAbj, Mjj= I hA*bj. (2.9) 

JK3 JK3 

Here, L is the intersection matrix of the 2-cycles on K3: 

L = — r 8 © — r 8 © <r © a © er, (2.10) 

where T 8 is the same as the Cartan matrix of E 8 and o = ( ? o ) • Then, as lifted to 10-d, 
L can be interpreted as the Cartan matrix of E 8 x E 8 or 5*0(32), which is one of the 
two gauge groups of 10-d heterotic theory. (Note, in 10-d, L = —M.) Note that at the 
tree level, the possible gauge groups are not determined. Only if we consider one-loop 
consistency condition, the possible gauge groups can be fixed. 

In this sense, Y 1 in eq. (12. 4p are understood as the scalars which represent the 
16 bosonic degree of freedom compactified on T 16 in 10-d heterotic theory, yielding 
the Narain lattice which is the same as the root lattice of E 8 x E 8 due to the one-loop 
modular invariance. In addition, the gauge field A 1 , which couples to Lu, is an element 
of the Cartan subalgebra of E 8 x E 8 , so as to be abelian (F = dA), being consistent 
with the form of the action given below. We can also take L = — r 16) root lattice of 
SO (32) gauge group for 5*0(32) heterotic string theory [2]. 

Finally, taking above field reductions into account, we propose the heterotic action 
whose background is 10-d SUGRA-SYM: 

t2 ~ 2^ ' 

C-wz = —e^LuF/j - l -e^B l3 . (2.11) 

This action is invariant under gauge transformations 

5A[ = diA 1 , 6Y 1 = -A 1 , SBij = ^LjjF*. (2.12) 
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3 Kappa symmetry of 10-d heterotic action 

Now let us show the kappa invariance of the action. First, we propose the following 
kappa variations of the worldsheet fields in the heterotic action. 

S K Z M = A a E a M (5 K Z M E M a = A Q , 6 K Z M E M a = 0), 
S.Y 1 = K 1 , 
5 K Aj = -diK 1 + if, 

S K Bij = -A a Ufuf{dB) aAB + total derivative, (3.1) 
where A a = k p (1 - T)% and 

K 1 = -5 K Z M A T M = —A a E a M A I M , 

Fl = S^d^F^ = A a Il?F aA . (3.2) 

Then, the variations of related fields in the action are evaluated as 

6 K W> = A a Uf(T aB a -Q aB a ), 
6 K Gij = A a T aA a Up b ])Vab , 

6 K Y J = e ij F* Uj , (3.3) 

where T and Q are the torsion and the connection one-form of the background super- 
space, respectively. 

Note here that the kappa variation of Y 1 in eq. (13.1 j) can be inferred from the 
variation of A2 in M5-brane side: 

S K A 2 = -5 K Z M dZ N dZ p C PNM 

-> 5 K Y T b Irs = -b K Z M A 1 ^,, (3.4) 

yielding 

5 K Y ! = -6 K Z M A T M = —A a E a M A I M = K 1 . (3.5) 
For the details of the kappa variations of the fields, see appendix 
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3.1 Kappa Invar iance: scheme 

The method we use in the proof of the kappa symmetry is similar to the one used in [1] 
for the flat case without A^. We organize terms in 5 K C in the order of Y 1 = e % ^D^Y 1 Uj 
and check the invariance order by order. This means that all terms in the variation 
should be recast in terms of the powers of Y. For the case of 8 K £i, this is evident since 
all terms in Ci are already written in terms of Y. 

Then we can expect the terms in 5 K (C 2 + £\vz) to be recast in terms of Y as well, 
considering the Nambu-Goto type action we are dealing with here. Indeed, as advertised 
in the introduction, this can be realized in the aid of the H$ in eq. ( 11 .ip and ( 13.101) . For 
the details, see section 13.31 

In the proof, U and T are defined as 

AAU = 5 K (d) 2 , 2AT = 5 K jC 2 + 5 K jC wz , (3.6) 

where A = k(1 — T) and we have suppressed the spinor indices. Then, we can take a 
quantity p satisfying 

U = pT, p 2 = (A) 2 , (3.7) 
which ensures the kappa invariance taking T = p/C\. 

5 K C = 2a(¥- + t\ = 2k(1 - r)(l + T)T = 0. (3.8) 

The details of the proof will be given in section 13.31 

In the proof of kappa symmetry, we need to consider the on-shell constraints on the 
SUGRA-SYM backgrounds. Using the constraints, we will see that the proof goes in 
the same way as the flat case with the addition of gauge field A4. Therefore, let us first 
look through the SUGRA-SYM constraints. 

3.2 SUGRA-SYM constraints 

The on-shell constraints on the 10-d heterotic background read [7J [H [9] 



rji a 


= 2(r a ; 


la/3, 


J-ab 


= 0, 




H a /3a 


= 2(r a ; 


• a/3, 


Haba 


— H a pj = 0, 




F 

- 1 aa 


= 2(r a ; 




F a /3 


= 0. 


(3.9) 
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Here, H% is written as 

H 3 = dB 2 - l -A* A F J L U = dB 2 - Tr(A A F) (3.10) 

Note that if 3 is a gauge invariant field strength, which can be seen from eq. (12.121) . In 
addition, reminding that A is an element of the Cartan subalgebra of E 8 x E 8 and that 
Lu is the Cartan matrix of the algebra, we see that eq. (13.101) is satisfied since 

Tr(AAF) = A 1 A F J Tr(/ij7i j) = ]-A J A F J L U . (3.11) 

for a suitable choice of the basis hi of the Cartan subalgebra. 

Using the constraints in eq. (13. 9p . the kappa variations of related fields reduce as 

5 K Gij = A a T Q /n^IL;) a = 2A7(jIIf), 
d^Y 1 ) =F l I = A a U?Fl A = -2A 7 ,x 7 , (3.12) 

and, up to a total derivative, 

S K Bij = -A a Ufuf(dB) aAB 

= -A a Ufuf(H aAB + Tr(A A F) aAB ) 

= 2A 7[i n,-] - l -A a Uf nf LuiA 1 A F J ) aAB . (3.13) 

with 7j = Il"r a in the final expression of each formula. (We have not suppressed the 
spinor indices for the 3-superforms to be explicit.) Here the beauty lies in the fact that 
the second term of S K Bij exactly cancels some terms that appears in 5 K (C 2 + £\vz), 
which is needed to make every term of T written in terms of the powers of Y. (See the 
detailed derivations given below.) 

Note in eq. (I3.12p that 5 K Gij has the same form as the flat case pQ where H,- reduces 
to dj9. Likewise, the first term of S K Bij has the same form as the flat case. Consequently, 
as mentioned above, this implies that the proof works in the same way as the flat case. 
However, in [1] the induced gauge field Ai was not considered. Therefore, while we 
describe the whole proof in the followings, we concentrate on the part where the gauge 
field has an effect on. 

3.3 Details of the proof 

Now let us complete the proof by showing U = pT with p 2 = (£i) 2 . 
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First, p can be determined as 



YLY 

P = 7-^7. (3.14) 
Then, we will show U = pT order by order in Y: 

Uq = PqTq, 

U\ = pqT x , 

U 2 = PoT 2 + p 2 T , 

U 3 = p 2 Ti, 

U± = p 2 T 2 , (3.15) 

where the subscripts denote the order of Y in the terms and we have used p\ = 0. 

Here U and T are determined from eq. (13.61) using the kappa variations of the 
worldsheet fields in eq. (13.121) and (13.131) where SUGRA-SYM constraints have been 
considered. First, from 5 K (Ci) 2 we get U as 

U = -Gy%, 
u z 

tt YLY . , 

YLY ~ 
U3 = -2G^? YLet3u ^ 



(YLY) 2 
AG(u 2 



U ± = ~ 2 3 (27V - ~V)„,1I ( , (3.16) 



Next, T is determined by 5 K C 2 and 6 K £wz'- 

1 ~ YLY 
5X2 = ~2u>~ YLFlUt ~ 2rf FiU i LDkYuk + Q^f^^ 1 ^ 

5 K £ W z = y (KLdiAj + FiLdjY) - 2e«A T< n i - ^A a UfUf(A A F) aAB , (3.17) 
where we have used the identity 

e y e« = + <5$. (3.18) 
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Here, adding the first two terms of b K C,2 to the first two terms of 5 K Cwz and using 
eq. (13TT8D yield 



—A^YLFiU* + ^(KLdiAj - FiLAj). (3.19) 



Note that the last two terms in eq. (13.191) are not written in terms of Y and we can 
expect it to be canceled out with some other term in the variation. In fact, those two 
terms are recast as 

-^A Q ITf nf LuiA 1 A F J ) aAB , (3.20) 

which exactly cancels out the last term of 5 K Cwz, making all terms in S K (C2 + £-wz) 
written in terms of Y. With eq. (13.61) . we are led to 

T = -e^IIi, 

rp YL t 



YLY Jk 



2G(u 



2\2 



e^UkU^d^j)- (3-21) 



Now, we are left with the verification of U = pT. However, we have seen in sec- 
tion 13.21 that the kappa variations of the worldsheet fields have the same forms, the 
SUGRA-SYM constraints being considered, as the ones in the flat background. Then, 
since in pQ the kappa symmetry for the flat case without gauge field A has been proved, 
it is sufficient here to consider only the terms related with the variation of A{ in showing 
U = pT. 

Considering the kappa variations of the fields in eq. (13.121) and (13 . 1 3j) . we notice 
that only 8 K DiY is related to 5 K Ai and that the terms including S K (DiY) in U = pT 
are the 1st and the 3rd order terms. As a result, we only need to show U = pT in the 
odd orders 0. 

However, note that U3 can be recast as, for [po, P2] = 0, 

U 3 = P 2Po 1 U ll (3.22) 
and that if U\ = PqT\ is satisfied, U3 = P2T1 is automatic. Therefore, we only need to 



1 For the proof of U = pT in even orders, refer to the appendix of pQ. 
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show Ui = pqTi to complete the proof. Then, using p = 7, 



YL YL 
P0T1 = —^fua = —e lJ uajX = £/i, (3.23) 



where we have used the identity 77* = e y 7j. 

Thus, we have completed the proof of the kappa invariance. 
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Appendix 

A Kappa Variations 

The kappa variations of the pullback A\ is evaluated as 

5 K A{ = 5^8^ A T M ) 

= d i 5 K Z M A I M + d i Z M 5 K A I M 

= d^S^Alf) - 6^0^ + diZ M 8 K A J M 

= d^ K Z M A* M ) - 8 K Z M d l Z N d N A I M + d l Z M b K Z N d N A 1 M 

= -d i K I + F i I , (A.l) 

where, for F 1 = dA 1 , 

Ff = 5 K Z M diZ N F^ N = A a UfF aA . (A.2) 

Note, from S^Y 1 and 8 K A\ above, 

6 K {D i Y I ) = d i 6 lt Y I + 6 K A! = F i I , 

S K Y J = ('•'/••/»,, (A.3) 
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which is crucial for the kappa symmetry in the sense that A can be factorized as an 
overall factor. 

The kappa variation of B^ is evaluated similarly to 5 K Ai, up to a total derivative: 
6 K Bij = -5 K Z M d l Z N d ] Z p {dB) MNP = -A a U A Uf(dB) aAB . (A.4) 
Finally, we need to evaluate 5 K Hf: 

rM TP A\ 



5Ji A = 5 K (d{Z Em ) 

A , Cl ryM r T 

A , Aot-nB/rp A n A 



d t 5 K Z M E M A + diZ M S K E A A 
d t {5 R Z M E M A ) - 5 K Z M d t E M A + diZ M 8 K E h A 



= d t A A + A Q nf (T aB A - n aB A ), (A.5) 
where we have used A a = (as a notational convention), which is consistent with 

5 K Z M E M a = A a , 5 K Z M E M a = 0. (A.6) 

As a result, 

6 K n? = A a Uf(T aB a - Q aB a ), (A.7) 

which yields 

6 K Gij = 5 K n^Jl b j )r)ab 

= A a Uf l U b ]) (T aB a -Q aB a )r ]ab 

= A a T aB °nf U b j)Vab , (A.8) 
Note here that the connection Q has not contributed since fl aB b + Q a bB = 0. 
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